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We show that it is undecidable whether or not for a given finite language F and for 
morphisms h and g the relation h-‘(x) n g-‘(x) # d holds for all x in F* n (dom(h-‘) v 
dom(g-I)), i.e., whether or not h-’ and g-’ existentially agree on Fc. 0 1986 Academic PRESS, IIIC. 
1. INTRODUCTION 
For any class of mappings one of the most natural questions is whether two such 
mappings are equivalent. In formal language theory such problems have been 
studied for a long time and the results obtained have been very important to the 
whole theory. Indeed, many easily stated equivalence problems for certain types of 
mappings have turned out to be undecidable, e.g., [B]. 
The question of deciding whether two morphisms are equivalent on a given 
language of certain type was raised in [CS] where the problem was solved for con- 
text-free languages. In [KW] the same problem was stated for inverses of 
morphisms and some other kinds of many-valued mappings. If the mappings are 
many-valued the equivalence can be interpreted in two different ways: (1) for each 
word in a language its images under the mappings are the same (uniuersaf 
agreement), or (2) for each word in a language, if its image under at least one of the 
mappings is nonempty, then these images have nonempty intersection (existential 
agreement). 
The problem of whether inverses of two morphisms universally agree on a given 
context-free language was shown to be decidable in [KW]. In [KK] the problem 
of whether two compositions of morphisms and inverse morphisms agree univer- 
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sally on a given regular language was studied. It was shown that the problem is 
decidable for mappings of the form g-‘/r while it is undecidable for mappings of the 
form gh-’ where h and g are morphisms and the right mapping is applied first. 
In this paper we consider the existential agreement of certain types of mappings 
on a given regular language. This problem was stated in [KW]: Is it decidable 
whether or not two inverse morphisms existentially agree on a given regular 
language? We show that, in spite of the fact that only inverse morphisms and 
regular languages are involved, the problem is undecidable. Moreover, we show 
that this undecidability result remains valid even if the family of regular languages 
is restricted to languages of the form F*, where F is a finite language. 
2. PRELIMINARIES 
We assume that the reader is familiar with the basic notions and results concern- 
ing formal languages; see, e.g., [H] or [B]. Thus the following lines are mainly to 
fix our terminology. Throughout this paper when talking about transductions, i.e., 
(possibly) many-valued mappings from some free monoid into another, we often 
leave the domain and target alphabets nonspecified. 
Let 0 be a family of transductions C* -+ d * and let 9 be a family of languages 
over C. We denote by 
EP,(@, 9) (resp. EP,(O, 3)) 
the problem of deciding whether for a given L in 9 and for two transductions T 
and z’ in 0 the following holds: 
(1) z(x)nr’(x)## for all x in Ln{dom(z)udom(z’)), 
((2) resp. r(x)=?(x) for all x in L,) 
where dam(r) denotes the domain of r (the set of those words x for which z(x) # 4). 
If (1) (resp. (2)) is satisfied we say that r and z’ existentially agree (resp. universally 
agree) on L and write r -4 z’ (resp. r ~$7’). 
For us the family 9 will usually be Reg, that of regular languages. To be able to 
specify the o’s we use the following terminology. By H and H-’ we denote the 
families of morphisms and inverse morphisms, respectively, and by C we denote the 
family of letter-to-letter morphisms (i.e., morphisms which map each letter to a let- 
ter). The meaning of the notation H. H-l, for example, should be clear: it denotes 
the family of mappings where an inverse morphism is followed by a morphism. 
In the above terminology our main result is the undecidability of EP3(H-‘, Reg). 
Then, relining this result, we show that EP,(H- ‘, 9) is undecidable, where 9 
denotes the family of languages of the form F* with F finite. 
We shall use some notions and results concerning rational transductions [B]. In 
what follows we present a brief summary about the facts needed here. A transduc- 
tion z: C* + A* is called rational if it is realized by a finite transducer, i.e., by a 
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sixtuple T= (Q, C, A, qO, F, E), where Q is a set of states, C and A are input and 
output alphabets of T, qO is the initial state, F is the set of final states, and E G Q x 
Z* x A* x Q is the set of transitions of T. A finite transducer, and hence also the 
transduction it realizes, is called i-free if ES Q x C* x AC x Q and l-input if ES 
Q x C x A* x Q. Further, T is called simple if F= { qO) and sequential if F= Q and 
EcQxCxA*xQ. 
As our first needed result we state a result of Grifliths from [G]. 
LEMMA 1. The equivalence problem of I-free sequential transductions is 
undecidable. 
As our second preliminary result we state 
LEMMA 2. Let T be realized by a I-free sequential transducer T, and let # be a 
new symbol not in the input alphabet of T. There effectively exists a I-free, l-input, 
simple transduction z, such that t(x) # = z,(x # ) for all x in Z*. 
Proof T, is obtained from T as follows: It contains all the transitions of T. In 
addition, for each q in Q the transducer T, contains the transition (q, #, #, q,J, 
where qO is the initial and final state. Clearly, T, thus constructed realizes z, satisfy- 
ing the assumptions of Lemma 2. 1 
Observe that in Lemma 2 dom(r,) = (dom(r)# )*. 
The following result of Turakainen, which appears in the proof of Theorem 2 in 
[T], is also needed. For the sake of completeness we give the proof here, too. 
LEMMA 3. Let z, be realized by a I-free, l-input, simple transducer. There effec- 
tively exist nonerasing morphisms h 1, h,, and h3 over suitable alphabets such that 
t, = h3 h, ‘h 1. Moreover, h, can be chosen to be the same for arbitrary pair of I-free, 
l-input, simple transductions. 
Proof Let T, = ( {sO ,..., s,}, C, A, sO, s,,, E) be a l-free, l-input, simple trans- 
ducer realizing 7,. We define the morphisms hI, hz, and h, as follows: 
h,: C* -, (Cu { # })*, h,(a)=a#” 
h2:E*-+(Cu{#})*, hZ(si, a, u, sj) = # ia#n-i 
h,:E*+A*, h,(si, a, II, st) = v. 
Then, clearly, z,(x) = h3h;lhI(x) for all words x in ,?Y*. Also, the second sentence of 
Lemma 3 follows: Instead of using n = card(Q) - 1 in the definitions of h, and h2 we 
could use any integer greater than n. [ 
Now, let r and r’ be two J.-free sequential transductions. We construct their sim- 
ple versions z, and z; according to Lemma 2, and for these the morphic represen- 
tations rS = h, h, ‘h, and z: = g, g, ‘h, according to Lemma 3. We can assume, 
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FIGURE 1 
without lost of generality, that dam(r) = dom(r’) and r(Z*) = r’(Z*), since these 
equalities can be checked effectively. 
We illustrate our assumptions in Fig. 1. 
It follows from the above construction and Lemma 1 that it is undecidable 
whether for given nonerasing morphisms hi, hz, h3, g,, g, and for a given regular 
language L, the equation h,h;‘h,(x)=g,g;‘h,(x) holds for all x in L. In other 
words, it is undecidable whether or not the equation h3h; ‘( y) = g, g;‘(y) holds for 
all y in h,(L). 
These considerations lead to the following modification of a result proved in 
CKKI. 
THEOREM 1. EP,( H. HP ‘, Reg) is undecidable. Moreover, all four morphisms can 
be assumed to be nonerasing. 
Observe that our Theorem 1 is incomparable with the corresponding result of 
[KK]. Here all the morphisms can be assumed to be nonerasing, while in [KK] 
the direct morphisms can be assumed to map each letter to another letter or to the 
empty word (a weak coding), and the inverse morphisms can be assumed to be 
nonerasing. 
3. RESULTS 
In this section we establish the undecidability of the problem EP,(H-‘, Reg). 
First, we show the undecidability of the problem EP,(@, Reg) for larger families 0 
of transductions. 
THEOREM 2. EP,( H- I . H, Reg) is undecidable. Moreover, all four morphisms can 
be assumed to be nonerasing. 
Proof: We reduce the problem of Theorem 2 to that of Theorem 1. Let 
(hph;‘, g,g;‘, L) be an instance of the problem of Theorem 1, as is illustrated in 
Fig. 2. 
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FIGURE 2 
Of course, we can again assume that hzh; ‘(L) = g, g; l(L) = L’. Now, 
straightforward considerations show that 
if and only if 
W;‘(x) c g2 gl’(x) for all x in L 
g,-‘hl(Y) n G%(Y) f 4 for all y in h;‘(L). 
Consequently, the undecidability of EP,(H-’ . H, Reg) follows from Theorem 1. 
Also the second sentence of Theorem 2 follows from the second sentence of 
Theorem 1. 1 
It is interesting to note that a problem related to that of Theorem 2, namely, 
EP,(H-’ . H, kg), was shown to be decidable in [KK]. 
Next we turn to transductions of the family C. H-l. 
THEOREM 3. EP,(C. H-‘, Reg) is undecidable. 
Proof: Let (h;‘h,, g;‘g,, L) be an instance of the problem of Theorem 2. 
Further, assume that L is over Z, let ,E be the barred copy of Z:, and, for any word 
x over C, let X be its barred duplicate. We define a new morphism h by 
h(a) = h,(a) sl(a) for all a in C, 
and set L’ = h(L). Notice that, since g, and hi are nonerasing, L’ does not contain 
any totally nonbarred or totally barred subword of length larger than 
N=max(Ih,(a)l, IgI(a a is a letter}. 
Next we define a new morphism & which, in a sense, simulates h,. Assume that 
the target alphabet of g, is A,. If h,(a) = b, * * * b,, for n > 1, then for all words pi, 
for i = l,..., n, such that Big Ag* and 0 < l/Ii1 < N we set 
UaCSl ,..., Bnl)=b,81b282,..bnBn. 
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The domain and target alphabets of h; should be clear by the definition. Similarly, 
we define a morphism g2 simulating g,. Let A, be the target alphabet of h,. If 
g,(a) = bl ... b,, for n > 1, then for all words /Ii, for i = l,..., n, such that pin A; and 
O<Ifiil<Nwe set 
&(4Yl Y...> D,l)=816,P,6,...B,~~. 
Again, the domain and target alphabets of g2 should be clear. Actually, the domain 
alphabets of fi2 and g2 may be chosen to be the same. Assume that it is ZY Then we 
define a letter-to-letter morphism c from r* into the domain alphabet of h2 by the 
condition 
44Bl T..., AlI I= a* 
Now, it follows immediately from the above construction that 
ch;‘(h(x)) = h;%,(x) for all x in L 
and 
CG ‘(4x)) =g; ‘g,(x) for all x in L. 
Therefore the regularity of h(L) and Theorem 2 yields Theorem 3. 1 
We are ready for our main result: 
THEOREM 4. EP,(H- ‘, Reg) is undecidable. 
Proof: We reduce this problem to the problem EP,(C 9 H- ‘, Reg) of Theorem 3. 
Let (ch-‘, c’g-‘, R) be an instance of the later problem, as is illustrated in Fig. 3. 
We may assume that 
A = the set of letters in ch-‘(R) 
= the set of letters in c’g-l(R). 
FIGURE 3 
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Let J= {(x, Y, )I z x E A, c(v) = x, c’(z) =x}, and define the morphisms h and g by 
- - 
h: A*-+C*, 4(x, Y, z)) = h(y), 
and 
g: a* + c*, b?(x, Y? z)) =&h 
Then one can verify that 
ch-l -R cI 
3 g 
-I ifandonlyif h-‘r$g-‘, 
which completes the proof. (The assumption concerning A is needed to guarantee 
that dom(chk’)=dom(h-‘) and dom(c’g-‘)=dom(gP’).) 1 
Note that, if we consider universal agreement instead of existential agreement, 
then the problem of Theorem 4 is decidable, and it remains decidable even for con- 
text-free languages [ KW 1. 
Theorem 4 can be strengthened by the following result of [LL]; cf. also [T]. 
LEMMA 4. A language R* is regular if and only if there exist a finite language F 
and an injective morphism h such that R* = h-‘(F*). Moreover, for an effectively 
given R, F and h can be found effectively. 
Denoting by 9 the family of languages of the form F*, where F is a finite 
language, we have the following. 
THEOREM 5. EP,(H- I, 9) is undecidable. 
Proof: Let g and g’ be morphisms and L a regular language. Let L’ be the 
regular language L n (dom( g- ’ ) u dom( g’ - ’ )). Of course, L’ can be found effec- 
tively. It also follows that gg’ =$‘g’+’ if and only if g-’ =i’* g’-‘. According to 
Lemma 4 there exist effectively a finite language F and an injective morphism h 




l-1 if and only if 
g -1-L’ =3 g l-1 if and only if 
g - l-i’* g’ - l if and only if 
g - 1 q’(P) g I - 1 if and only if 
g-‘h-’ Ep*gl-‘h-’ if and only if 
(hg)-l-p’ (hg’)-‘. 
From this, using Theorem 4, Theorem 5 follows, as hg and hg’ are morphisms. i 
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